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Structure of the talk

1 Introduction: why infinite variance changes SGD fluctuations

2 Main results: path and final-iterate limit theorems

3 Numerical examples: OLS and logistic regression

4 Ideas of Proof: point processes, time change, and tightness
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A single extreme gradient can dominate an SGD step

Problem: find
θ∗ ∈ argmin

θ∈Rd

ℓ(θ) := Eξ∼P

[
ℓ(θ, ξ)

]
,

where ξ random element and ℓ strongly convex

θn+1 = θn − ηn∇ℓ(θn, ξn+1)

• One sample or
mini-batch makes each
step memory efficient.

• SGD good at escaping
Saddle Points

• Good generalisation:
SGD finds flat minimaStochastic approximation begins with Robbins&Monro [RM51].
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SGD with heavy tails for training data in compacts

θn+1 = θn−ηn∇ℓ(θn, ξn+1), {ξn}n≥1 i.i.d. sequence, ηn > 0 learning rate

• The histogram of the norm of the gradient noises computed with
AlexNet on Cifar10 [SSG19]
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(c) α-stable

• Intrinsic heaviness [SSG19]:
• Widths and depths for NN: heaviness depends on the landscape.
• Minibatch size: heavy noise even for large batch size.

• Extrinsic heaviness [WOR22]:
• Escape sharp local minimum.

Introduction 4/22



SGD with heavy tails for training data in compacts

θn+1 = θn−ηn∇ℓ(θn, ξn+1), {ξn}n≥1 i.i.d. sequence, ηn > 0 learning rate

• The histogram of the norm of the gradient noises computed with
AlexNet on Cifar10 [SSG19]

0 1000 2000
Noise norm

101

103

105

Co
un

t

(d) Real

0 1000 2000
Noise norm

100

101

102

Co
un

t

(e) Gaussian

0 1000 2000
Noise norm

100

101

102

103

104

Co
un

t

(f) α-stable

• Intrinsic heaviness [SSG19]:
• Widths and depths for NN: heaviness depends on the landscape.
• Minibatch size: heavy noise even for large batch size.

• Extrinsic heaviness [WOR22]:
• Escape sharp local minimum.

Introduction 4/22



Infinite variance changes both scaling and limit geometry

θn+1 = θn−ηn∇ℓ(θn, ξn+1), {ξn}n≥1 i.i.d. sequence, learning rate ηn ↓ 0

Finite variance of ∇ℓ(θ, ξ):

η−1/2
n (θn − θ∗) ⇒ N (0,Σ)

Infinite variance of ∇ℓ(θ, ξ):

η1/α−1
n b1(η

−1
n )(θn − θ∗) ⇒ Z∞

The OU mechanism survives, but
Brownian motion is replaced by a
Lévy driver.
Classical Gaussian theory: [Pel98, PJ92].
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Classical final-iterate limits

Finite variance: Gaussian limit [Pel98]

ηn = cn−ρ, 0 < ρ < 1, H := ∇2ℓ(θ∗) ≻ 0,

E
[
∥∇ℓ(θ∗, ξ)∥2

]
< ∞, Γ := Cov(∇ℓ(θ∗, ξ)) ,

η−1/2
n (θn − θ∗) ⇒ N (0,Σ), HΣ+ ΣH = Γ,

dZt = −HZt dt + Γ1/2dBt , Z∞ ∼ N (0,Σ).

Infinite variance: Krasulina (1969) [Kra69]

d = 1, ηn = 1/n, ℓ′′(θ∗) > 1− 1/α,

∇ℓ(θ, ξn)−∇ℓ(θ) = ζn, (ζn)n≥1 i.i.d.,

n−1/α
n∑

k=1

ζk ⇒ Sα, 1 < α < 2,

n 1−1/α(θn − θ∗) ⇒ S̃α, S̃α is α-stable.
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Multidimensional regular variation [BDM02]: the right
language for extreme gradients

For some α ∈ (1, 2), we assume

P(∥∇ℓ(θ, ξ)∥ > x) = x−αb0(x , θ),

xP
(
b1(x)∇ℓ(θ, ξ)

x1/α
∈ ·

)
v−→ ν(θ, ·) as x → ∞

• b0, b1 allow slowly varying corrections; ν records jump directions.

• Gradient noise can be asymmetric, multidimensional, and parameter
dependent.

• Earlier theory did not provide both path and final-iterate limits at
this level.

Background: [BDM02, Res07]; evidence and earlier results: [SSG19, GSZ21, Kra69, WGZ+21].
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Two step-size regimes answer two distinct questions

Constant step η Decaying step ηn

Question Whole path around gradi-
ent flow?

Final iterate around θ∗?

Limit Time-inhomogeneous OU Stationary Lévy-driven OU

Topology J1 in D[0,∞) Weak convergence in Rd

Use Trajectory approximation Asymptotic inference

Both limits use the same tail measure ν, viewed along different clocks.
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The assumptions allow rich noise while stabilizing the drift

• Multivariate regular variation holds uniformly on compact θ-sets:

P(∥∇ℓ(θ, ξ)∥ > x) = x−αb0(x , θ),

xP
(
x−1/αb1(x)∇ℓ(θ, ξ) ∈ ·

)
v−→ ν(θ, ·), uniformly for θ ∈ K ⋐ Rd .

• The stochastic gradient is Lipschitz in θ almost surely:

∥∇ℓ(θ, ξ)−∇ℓ(θ′, ξ)∥ ≤ CLip∥θ − θ′∥ a.s.

• The population loss is smooth and strongly convex: for H(θ) = ∇2ℓ(θ),

sup
θ∈Rd

∥H(θ)∥ < ∞, inf
θ∈Rd

∥u∥p=1

uTH(θ)u⟨p−1⟩ > 0, p ∈ (1, α),

where u⟨p−1⟩ = (sgn(ui )|ui |p−1)di=1.

• A qth-order Taylor remainder is available for some q ∈ (1, α):∥∥∇ℓ(θ1)−∇ℓ(θ2)−∇2ℓ(θ2)(θ1 − θ2)
∥∥ ≤ K∥θ1 − θ2∥q.

No symmetry, coordinate independence, or exact Pareto form is required.
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Theorem 1: constant-step paths converge to a jump
process

Let θ̄ solve the gradient flow ODE

˙̄θ = −∇ℓ(θ̄)

and let θη interpolate constant-step SGD.

Theorem 1 (constant step: functional limit). Under the stated
assumptions, for 1 < α < 2 and as step size η → 0 we have

η1/α−1b1(η
−1)

(
θη(·)− θ̄(·)

)
⇒ Z (·) in (D[0,∞), J1),

where

dZt = −∇2ℓ(θ̄(t))Zt dt + dLt , νt(A) =

∫ t

0

ν(θ̄(s),A)ds.

Source: Theorem 3.1 of Blanchet–M–Yang [BMY26]. Theorem 1 does not need strong convexity of ℓ!.
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Theorem 1 preserves where and when each extreme occurs

The tail law of ∇ℓ(θ, ξ) may change as θ moves.

• L has independent, but generally non-stationary, increments.

• Jump measure of L at time s is ν(θ̄(s),dz)ds.

• The Hessian transports and damps every jump:

Zt = Φ(t)

(
Z0 +

∫ t

0

Φ(s)−1dLs

)
, Φ̇(t) = −∇2ℓ(θ̄(t))Φ(t).

The result approximates rare excursions along the whole SGD trajectory.
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Theorem 2: decaying-step iterates converge to stationarity

Let ηn = cn−ρ, ρ ∈ (0, 1] and H = ∇2ℓ(θ∗).

Theorem 2 (decaying step: final-iterate limit). Under the stated
assumptions,

η1/α−1
n b1(η

−1
n )(θn − θ∗) ⇒ Z∞,

where Z∞ is the unique stationary law of

dZt = −∇2ℓ(θ∗)Zt dt + dLt , Z∞
d
=

∫ ∞

0

e−∇2ℓ(θ∗)t dLt ,

and L has Lévy measure ν(θ∗, ·).

Source: Theorem 4.1 of Blanchet–M–Yang [BMY26].
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The stationary law separates tail geometry from loss
geometry

The Lévy measure of the limit Z∞
d
=

∫∞
0

e−∇2ℓ(θ∗)t dLt is explicit:

ν̃(A) =

∫ ∞

0

ν
(
θ∗, {x : e−∇2ℓ(θ∗)tx ∈ A}

)
dt.

Incoming extremes described by ν; contraction&rotation by e−∇2ℓ(θ∗)t .

For the borderline step ηn = c/n, replace ∇2ℓ(θ∗) by

∇2ℓ(θ∗)− 1− 1/α

c
Id, c >

1− 1/α

σmin(∇2ℓ(θ∗))
.

Unlike for ρ < 1, the constant c changes the limiting law.
Stationary Lévy-driven OU laws: [LM05].
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OLS inherits heavy tails directly from the regression errors

Consider

y = xTθ∗ + ε, ∇ℓ(θ, x , ε) = xxT(θ − θ∗)− xε.

If x is bounded and P(|ε| > t) ∼ t−α, then:

• xε makes the gradient α-regularly varying;

• extreme-gradient directions are determined by ±x/∥x∥;
• the tail law does not depend on the current θ.

Hence Theorems 1 and 2 apply with a fixed angular tail measure.
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Logistic regression can switch tail regimes in optimisation
Logistic regression model: yi ∈ {−1, 1} binary response, xi α-regular
varying random vector, θ∗ ∈ Rd true param:

P (yi = 1|xi , θ∗) =
1

1 + exp(−x⊤i θ∗)
, P (yi = −1|xi , θ∗) =

exp(−x⊤i θ∗)

1 + exp(−x⊤i θ∗)

Loss ℓ(θ, x , y) = ln
(
1 + exp

(
−yθ⊤x

))
+ λ

2 ∥θ∥
2 with gradient

∇ℓ(θ, x , y) = − ye−yθTx

1 + e−yθTx
x + λθ.

• tail directions depend on the current margin yθTx and hence on θ;

• at θ = θ∗ ̸= 0, the surviving tail directions lie on

Sd−1 ∩ (θ∗)⊥ ≃ Sd−2.

• in d = 1 and θθ∗ > 0, heavy tails vanish locally.

The local scaling then returns to η
−1/2
n and the limit is Gaussian.
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The limit theorems replace a covariance by a full tail
geometry

Finite variance Infinite variance

Scaling η
−1/2
n η

1/α−1
n b1(η

−1
n )

Noise limit Brownian motion Additive / Lévy process
Final law Gaussian Infinitely divisible
Geometry covariance Γ Lévy measure ν(θ, ·)

• Correct normalization prevents misleading Gaussian uncertainty
quantification.

• The explicit Z∞ supports asymptotic confidence regions.

• Parameter dependence reveals tail-regime changes invisible to covariance
methods.
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A quadratic experiment isolates the stable-noise
mechanism

Problem: minθ∈R2
1
2
θ⊤Aθ + θ⊤b. Take A = diag(2, 1), b = (1, 1)T and

θi+1 = θi − η(Aθi + b + Zi ), Zi i.i.d. standard α-stable.

Constant η = 10−3: red points mark scaled increments above 1; jumps
dominate for small α and soften as α ↑ 2.
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The stationary law matches both densities and coverage

• Learning rate ηn = n−0.6.

• 104 runs of SGD.

• Red curves above:
stationary OU densities.

• Coverage approaches the
95% target.

Coverage (oracle confidence interval):

Y (r)
n := η1/α−1

n b1(η
−1
n )(θ(r)n − θ∗), P(|Z∞| ≤ qα) = 0.95,

Ĉn :=
1

104

104∑
r=1

1{|Y (r)
n |≤qα} −→ 0.95.
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Logistic regression confirms the predicted phase change

Top: starting at θ0 = −1, jump fluctuations shrink after the path crosses 0;
bottom: starting at θ0 = 2, the path remains light-tailed.

Near θ∗ = 1, the η
−1/2
n -scaled histograms match Gaussian densities.
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Theorem 1 follows from extreme-gradient point processes

For constant η, decompose the scaled SGD–GD error into a linear
recursion and a Taylor remainder.

1 Regular variation yields convergence of extreme-gradient point
measures.

2 Their partial sums converge in J1 to the additive process L.

3 The solution map transports jumps through ∇2ℓ(θ̄(t)).

4 Lipschitz and qth-order bounds make the remainder negligible.

The extremes survive the scaling as the jumps of Z .
For the J1 framework, see Whitt [Whi02].
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Theorem 2 follows from time change and stationary
tightness

Embed the decaying-step recursion with the clock sn =
∑

k≤n ηk .

1 Far along the path, the drift freezes at H = ∇2ℓ(θ∗).

2 The embedded process approaches a time-homogeneous Lévy-driven
OU process.

3 Tightness is proved first for symmetric regularly varying noise.

4 General asymmetric noise is decomposed into symmetrizable
components.

5 Letting the embedded time grow gives Z∞ =
∫∞
0

e−HtdLt .

The key difficulty is tightness without a finite αth moment.

Ideas of Proof 21/22
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The key difficulty is tightness without a finite αth moment.

Ideas of Proof 21/22



Theorem 2 follows from time change and stationary
tightness

Embed the decaying-step recursion with the clock sn =
∑

k≤n ηk .

1 Far along the path, the drift freezes at H = ∇2ℓ(θ∗).

2 The embedded process approaches a time-homogeneous Lévy-driven
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